TOWARDS A CRITERION FOR SLOPE STABILITY OF FANO 
MANIFOLDS ALONG DIVISORS 
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Abstract. We give a simple criterion for slope stability of Fano manifolds X along 
divisors or smooth subvarictics. As an application, we show that X is slope stable along 
an ample effective divisor Del unless X is isomorphic to a projective space and D is a 
hyperplane section. We also give counterexamples to Aubin's conjecture on the relation 
between the anticanonical volume and the existence of a Kahlcr-Einstein metric. Finally, 
we consider the case that dim A = 3; we give a complete answer for slope (semi)stability 
along divisors of Fano threcfolds. 

1. Introduction 

Let X be a Fano manifold, that is, a smooth projective variety such that the anti- 
canonical divisor —Kx of X is ample. It has been conjectured that the -fT-polystability of 
(X, —Kx) is equivalent to the existence of Kahler-Einstein metrics. However it is difficult 
to judge the _fT-(poly, semi) stability in general. In this article, we consider slope stability, 
which was introduced by Ross and Thomas (see [RT07j ). that is weaker than instability 
but is easy to describe. For example, the case a Fano manifold is not slope (semi)stable 
along a smooth curve has been completely classified, see |Fuj 1 1 and |HKLPli] . 



First, we give a simple criterion for slope stability of Fano manifolds along divisors (or 
smooth subvarieties) . 



Proposition 1.1 (see Proposition 13.21 for detail). For a Fano manifold X and a divisor 
D C X , X is slope stable (resp. slope semistable) along D if and only if £(D) > (resp. 
> 0), where 

£(£>) = vo\x(-K x ) + (e (D) - l) vo\ x (K x -e(D)D)- / vo\ x (-K x - xD)dx 

Jo 

and e(D) is the Seshadri constant of D with respect to —Kx- 

As an application, we can investigate the case where D C X is an ample divisor. 

Theorem 1.2 (=Theorem 14.61 (llj)). For a Fano manifold X and an ample divisor D C 
X , X is slope stable along D unless X is isomorphic to a projective space and D is a 
hyperplane section. 
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We also construct the Fano manifolds which are not slope semistable along some divi- 
sors but have "small" anticanonical volumes, which are counterexamples to the following 
Conjecture 11.31 (cf. Remark 15.61) on the relation between the anticanonical volume of X 
and the existence of a Kahler-Einstein metric on X. 

Conjecture 1.3 (see also Remark 15. 6p . Let X be a Fano n-fold. If the anticanonical 
volume volx{—Kx) is less than ((n + l) 2 /2n)" , then X admits Kahler-Einstein metrics. 

Counterexample 1.4 (= Corollary 15.51) . For any n > 4, there exists a Fano n-fold X 
such that volx(-Kx) = 2(3 n - 1) (hence 2(3™ - 1) < ((n + l) 2 /2n) n holds if n > 5) but 
X does not admit Kahler-Einstein metrics. 

Finally, using the classification result [MM81] , we give the complete answer for slope 
(semi) stability of Fano threefolds along divisors: 

Theorem 1.5 (=Theorem 16.21) . Let X be a smooth Fano threefold. 

(1) X is slope semistable along any effective divisor but there exists a divisor Del 
such that X is not slope stable along D if and only if X is isomorphic to one of: 

P 3 ^ 1 x P 2 ,P P i xP i(0(O,l) ©0(1,0))^ x P 1 x P^P 1 x S m (1 < m < 7). 

(2) There exists a divisor D C X such that X is not slope semistable along D if and 
only if X is isomorphic to one of: 

Bl linc Q 3 ,Bl linc P 3 ,P p2 (0 © 0(l)),P p2 (0 © 0(2)), 
P 1 x Fi, P Fl (0 © 0(e + /)), P P i xP i(0 © 0(1, 1)). 

Acknowledgements. The author is grateful to Doctor Yuji Odaka who pointed out 
Corollary 14.71 after the author has been calculated the slope of special Fano manifolds 
(Proposition 15.4)) . and helped him to improve Proposition 13.21 

The author is partially supported by JSPS Fellowships for Young Scientists. 

Notation and terminology. We always consider over the complex number field C. A 
variety means an irreducible and reduced scheme of finite type over Spec C. The theory 
of extremal contraction, we refer the readers to [KM98J. For a projective variety X, 
let Eff(X) (resp. Nef(X)) be the effective (resp. nef) cone which is defined as the cone 
in N X (X) spanned by the classes of effective (resp. nef) divisors on X. For a complete 
variety X, the Picard number of X is denoted by px- For a smooth projective variety X 
and a i^x-negative extremal ray R C NEpT), we define the length l(R) of R by 

l(R) := min{(— K x ■ O) \ C is a rational curve with [C] e R}, 
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and we define a minimal rational curve of R such that a rational curve C C X with 
[C] ei?and (-K x -C) = l(R). 

For an algebraic variety X and a closed subscheme Y G X, denotes corresponding ideal 
sheaf Xy C O x , and Bly : Bly(X) ->• X or Blj y : BLr r (X) ->■ X denotes the blowing up 
of X along Y. 

For algebraic varieties X±, ■ ■ ■ ,Xk, we write the projection pi,...,*: X\ X • • • x X& — > 
Xi x • ■ • x X t . 

We say X is a Fano manifold if X is a smooth projective variety whose anticanonical 
divisor — Kx is ample. We note that if X is a Fano manifold, then there is the canonical 
embedding Pic(X) <^-> N 1 (X). For a Fano manifold X, let the Fano index of X be 

max{r G Z >0 | — Kx ~ rL for some Cartier divisor L}. 

For a complete n-dimensional variety X and a nef Cartier divisor (or a nef invertible 
sheaf) -D on X, the volume of Z) (denotes voLy(-D)) means the self intersection number 
(D n ) of D. 

The symbol Q n denotes a smooth hyperquadric in P n+1 . The symbol Fi denotes the 
Hirzebruch surface having the (— l)-curve e C F 1; and let / C Fi be a fiber of P 1 -bundle 
Fi — > P 1 . The symbol S m (1 < m < 7) denotes a (smooth) del Pezzo surface S (Fano 
2-fold) such that the anticanonical volume vols(— K s ) is equal to m. 

2. Slope stabilities of polarized varieties 

We recall slope stability of polarized varieties, which has been introduced by Ross and 
Thomas. See [RT07] in detail. 

Definition 2.1. Let (X, L) be a polarized variety of dimX = n, let Z C X be a closed 
subscheme, let a : X — > X be the blowing up of X along Z and let E C X be the Cartier 
divisor defined by O x {-E) = a~ l X z ■ O x . 

• Let e{Xz'i (X, L)) be the Seshadri constant of Z with respect to L (we often write 
e(Z, X) or e(Z) instead of e(Iz] (X, L)) for simplicity), which is defined as follows: 

e(Tz] (X, L)) := max{c G M>o|o"*-Z — ci? is nef on X}. 

• For k, xk £N with fc ^> 0, we can write 

X(X, a*(A;L) - xkE) = a (x)k n + ai(x)/c n_1 H h a n (x), 

where aj(x) G Q[x]. Let p, c (Xz,L) be the s/ope o/ Z wift respect to L and c G 
(0, e(Z)] (we often write [i c (Z) instead of fJ, c (Z z , L) for simplicity), which is defined 
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as follows: 

_ j^jx) + ^)dx 

[l c \L z ,L) .— j- c — — . 

Jo a o {x)ax 

We also define the slope of X with respect to L as 

Im{X) = »(X,L):=^, 
a 

where ai G Q are defined by x(X, rL) = aor n + air 



Definition 2.2 (slope (semi) stability). Let (X,L) (we often omit the polarization L) 
and Z C X be as above. 

(X, L) is slope stabe (resp. slope semistable) along Z if: 

• slope semistability: 

Vc{Z) < n(X) for all c G (0,e(Z)], 

• s/ope stability: 

fi c (Z) < [i(X) for all c G (0,e(Z)), and also for c = e(Z) if e(Z) G Q and global 

sections of L k ®I^ Z ^ saturates for k ^> 0. 
For a polarized variety (X, L) and a coherent ideal sheaf X C Ox with Obi i (x)( — -E') := 
Blj -1 ! • Obii(x); global sections of L®X saturates if Blj*L(— i?) is spanned by global 
sections of L®X. This condition is weaker than the condition such that L®X is globally 
generated. 

Remark 2.3. If X is a Fano manifold, then we omit the polarization (X, —Kx)- More 
precisely, slope stability of X along a closed subscheme Z C X is nothing but slope 
stability of (X, —Kx) along a closed subscheme Zcl. 

The following is a fundamental result. 

Theorem 2.4 ( |Don05j . [RT07] ). Let (X,L) be a polarized manifold. If(X,L) admits a 
Kahler metric with constant scalar curvature, then (X, L) is slope semistable along any 
closed subscheme Z C X . 

In particular, for a Fano manifold X , if X admits a Kahler- Einstein metric then X is 
slope semistable along any closed subscheme Z C X . 

3. Slope stability of Fano manifolds along smooth subvarieties or 

divisors 

In this section, we fix the notation. 

Notation 3.1. We set that X is a Fano n-fold and Z C X is a smooth subvariety of 
codimension r > 2 or an effective divisor (not necessary smooth). If Z is an effective 
divisor on X, we set r := 1. We set a := Bl z : X — > X. Let E C X be the divisor which 
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satisfies O x (—E) ~ a x Xz (i.e., if r > 2 then E is the exceptional divisor of a, and if 
r = 1 then a is the identity morphism and E = Z). 

Under the notation, we consider slope stability of X along Z G X. We can show that 

a {x) = — vol x (a* {-K x ) - xE) , 

by the weak Riemann-Roch formula (cf. [HKLPli] ). Thus for < c < e(Z), we have 

^ f (r-x)(E- (a* (-K x ) - xEf' 1 ) dx > 
•/ o 

<£> rvol x (-ifx) + (c-r)vol^(CT*(-i^) -c£) - / vol x (cr* - xE) dx > 0. 

We set 

UZ) := rvolxC-^ + Cc-^vol^^C-^x)-^)- l\o\ x (a*(-K x )-xE)dx. 

Jo 

Since cr*(— i^x) — cE is ample for any < c < e(Z), we have 

d / n [>0 (if < c < min{r,e(Z)}), 

(Co (E)) = n(r -c)(E- (a* (-K x ) - cE) n ~ l ) 

< (if r < c < e(Z) (if e(Z) > r)) . 



Assume that X is not slope stable along Z. Then £ C (Z) < for some < c < e(Z). 
Hence e(Z) > r and £ C (Z) > £ e (Z){Z) by the above argument. In particular, X is a Fano 
manifold and hence Nef (X) is a rational polyhedral cone spanned by semiample divisors 
(in particular, e(Z) £ Q >0 holds). Therefore we have the following result. 

Proposition 3.2. Let X be a Fano n-fold and Z G X be a divisor or a smooth subvariety 
of codimension r > 1 (if Z is a divisor, then we set r = 1). Then X is slope stable (resp. 
slope semistable) along Z if and only if £(Z) > (resp. > 0), where 

£(Z) := i <z) (Z) 

= r volx(-Kx) + (e (Z) - r) vo\ x (a* (-K x ) - e (Z) E) 

re(Z) 



/ yo\ x (a*(-K x )-xE)dx 
Jo 

r (Z) 

n (r-x)(E- (a* (-K x ) - xE)^ 1 ) dx. 
Jo 
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Remark 3.3. For a Fano n-fold X and Z C X a divisor or a smooth subvariety, the 
definition of slope stability of X along Z is equivalent to the definition in |HKLP11] and 
|Fujll| by the above argument. 

Remark 3.4. If X is not slope stable along Z, then e(Z) > r holds by the above 
argument. This result has been already known in [HKLPlll Lemma 2.10]. In fact, Yuji 
Odaka pointed out to the author that if X is not slope stable (resp. not slope semistable) 
along Z then e(Z) > r(n + l)/n (resp. e(Z) > r(n + l)/n) holds. See [OS121 Proposition 
4.4] for detail. 

Now, we show that slope stability of Fano manifolds along smooth subvarieties can 
reduce to slope stability of Fano manifolds along divisors. 

Proposition 3.5. Let X be a Fano n-fold and let Z C X be a smooth subvariety of 
codimension r > 2. Let a : = Bl^: X — > X and let E C X be the exceptional divisor of 
a. If X is not slope stable along Z, then X itself is a Fano n-fold and X is not slope 
semistable along E. 

Proof. We have already seen that X is a Fano manifold. We note that 

r < e(Z,X) = e(E,X) + r-l. 

Hence we have 

re(E,X) 

n£(E) = / (1 - x) (E ■ (-K x - xE) n ~ l ) dx 
Jo 

e(Z,X)-(r-l) 

(E ■ (a* (-K x ) + (1 - r - x) E)^ 1 ) dx 

f e(Z,X) 

= / (r — x) (E ■ (a* {—Kx) — xE) ) dx 

Jr-l 

= n£(Z)- (r-x) (E ■ {a* {-K x ) - xE) n ~ l ) dx 
Jo 

< 0, 

since a*(—Kx) — xE is ample for any < x < r — 1 (< e(Z, X)). □ 

4. First properties 

4.1. Convexity of the volume function. In this section, we consider slope stability 
of Fano manifolds in terms of the convexity of the volume function vol^(o"*(— K x ) — xE) 
(under Notation 13. II) . 




Proposition 4.1. We fix Notation \3.1\ 
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(1) If M'z/x (the dual of the normal bundle) is nef and e[Z) > 2r holds, then X is 
not slope stable along Z . 

(2) Furthermore, X is not slope semistable along Z if we assume the assumption in 
([1]) and one of the following holds: r > 2, e(Z) > 2r or N'z/x ^ s am ple. 

(3) If r = 1 , Z 2 is a nonzero effective cycle and e[Z) < 2 holds, then X is slope stable 
along Z . 

We note that a vector bundle S on a projective variety Y is nef (resp. ample) if the 
corresponding tautological line bundle 0p r (£)(l) on Py(£) is nef (resp. ample). 

Proof. We can assume e(Z) > r by Remark 13.41 We write e := e(Z) for simplicity. We 
define f(x) := vol^ (cr* (— Kx) — xE). Then we can write 

£(Z) = /(0) + (e - r)f(e) - f f(x)dx. 

Jo 

We note that 

-n (E ■ (a* {-K x ) - xE) n ~ l ) < (for any < x < e), 
n(n - 1) (E 2 ■ (a* (-K x ) - xE) n ~ 2 ) . 

We recall that O x (—E)\e — 0p y (£)(l). Hence f(x) is a convex upward (resp. strictly 
convex upward) and strictly monotone decreasing function over an interval (0, e) if J\f^/x 
is nef (resp. ample). Then ([1]) and ()2]) follows immediately. The proof of ([3]) is same as 
those of flU and ©. □ 



dJ_ 

dx 

11 

dx 2 



x 



■r) 



4.2. Product cases. We consider the case that a Fano manifold X can be decomposed 
into the product X = Xi xX 2 . It is easy to show that both Xx and X 2 are Fano manifolds, 
the vector space N^X) is naturally decomposed into N X (X) = N x (Xi) © N : (X 2 ) and the 
cones can be written as Efi(X) = Eff (X\ ) + Eff (X 2 ), Nef(X) = Nef(Xi) + Nef(X 2 ) under 
the decomposition, respectively. We set rij := dimXj (i = 1, 2). 

Proposition 4.2. Let D\ C X\ be a divisor on X\. Then slope stability {resp. slope 
semistability) of Xi along D 1 is equivalent to slope stability (resp. slope semistability) of 
X along p\D\. 
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Proof. Let e\ := e(Di,Xi). Then we know that e± = e{p\D\,X). By the definition of 
£(p*Di)i we have 



ni + n 2 

Hi 



ni + n 2 

Til 



i{v\Di) = vo\ x (-K x ) + (e 1 -l)vo\ x (-K x -eip* 1 Di)- / vo\ x (-K x - xplDjdx 

Jo 

vol X2 (-K X2 ){vol Xl (-K Xl ) 
(ei - 1) vo\ Xl (-K Xl - eiDi) - ^ vo\ Xl (-K Xl - xDi)dx} 
vol X2 (-K X2 )-£(Di). 

Therefore the signs of £(-Di) and £(p*Di) are same. □ 



Proposition 4.3. Let C X, be divisors on X^ for i = 1, 2. I/Xj is slope semistable 
along Di for any i = 1, 2, then X is slope stable along D := p\Di J r p* 2 D 2 . 

Proof Let := e(£)j, JQ) for z = 1, 2 and let e := e(-D, X). We can show that e = min{ei, 
€2}- We can assume e > 1 by Remark [331 We note that 

£ (vol Xi - xDi)) = -m (A ■ {—K X . - iA)"'" 1 ) < (0 < x < e) 

for any % — 1, 2. By the definition of £(-D), we have 

£(£>) = C {vo\ x {-K x )-vo\ x {-K x -xD))dx 
Jo 

- jj" (vol x (-A' x - xD) - vol x (-i^x - eD)) dx 

= ("'I 712 ) {f\vol Xl (-K Xl )vol X2 (-K X2 ) 

- vo\ Xl (-K Xl - xDi) vo\ X2 (-K X2 - xD 2 ))dx 

- (vol Xl {-K Xl - xDi) volx 2 (-Kx 3 - xD 2 ) 

- vol Xl (-K Xl - eDi)vo\ X2 (-K x , 2 - eD 2 ))dx\ 

= i^ 1 ^ 2 ) {f Q ( vo1 ^ (~K Xl ) - vol Xl (-K Xl - xDi)) vol X2 (-K X2 ) dx 
vol Xl {-K Xl - xDi) (volx 2 (~K X2 ) - volx 2 {~K X , 2 - xD 2 )) dx 
j (vol Xl (--^Xx - xDi) - vol Xl {~K Xl - eDi)) \o\ X2 {-K X2 - eD 2 ) dx 
vo\ Xl {-K Xl - xDi) (volx 2 {~K X . 2 - xD 2 ) - volx 2 (~K Xi - eD 2 )) dx^ 
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> ^ (vol Xl (-K Xl ) - vol Xl {-K Xl - xD 1 )) vol X2 (-K Xa - D 2 ) dx 

+ / vol Xl (-K Xl - Dx) (volx 2 (~K X2 ) - volx 2 (~Kx 2 - xD 2 )) dx 
Jo 

- (vol Xl (~K Xl - xDi) - vo\ Xl {~K Xl - eDi)) volx 2 (~Kx 2 - D 2 ) dx 

- J vol Xl {~K Xl - Di) (volx 2 (~K X2 - xD 2 ) - volx 2 {-Kx 2 ~ tD 2 )) rfxj 
= ( ni ^ 2 ) {™l Xl (-K Xl - Dx) ■ UD 2 ) + vol X2 (-K X2 - D 2 ) ■ UDj} 

> ( ni ^ 2 ) {vo\ Xl (-K Xl - D,) ■ £(D 2 ) + yo\ X2 (-K X2 - D 2 ) ■ e(L>i)} > 0. 
Therefore X is slope stable along D. □ 



As a consequence of Propositions 14.21 and 14.31 we have the following result. 

Corollary 4.4. Let X be a Fano manifold which is the product of Fano manifolds X = 
Aj. Then X is slope stable [resp. slope semistable) along any divisor if and only if 
Xi is slope stable (resp. slope semistable) along any divisor for any 1 < i < m. 

4.3. Length of extremal rays. We show that if a Fano manifold X is not slope stable 
along a divisor, then there exists an extremal ray of the length > 2. 

Proposition 4.5. Let X be a Fano manifold and D C X ba a divisor. Assume X is not 
slope stable along D. Then for any irreducible curve C C X , we have (—K x -C) > (D-C). 
In particular, there exists an extremal ray R C NE(X) such that l(R) > 2. 

Proof. We have e(D) > 1 by Remark 13.41 Hence we have 

(D ■ C) < (-K x /e(D) ■ C) < {-K x ■ C). 

Since D is an effective divisor, there exists an extremal ray R C NE(X) with a minimal 
rational curve [C] 6 R such that (D-C) > 0. Therefore we have (—K x ■ C) > 2 since 
(-K x -C)>(D-C) holds. □ 

4.4. Slope stability of Fano manifolds along nef divisors. 

Theorem 4.6. Let X be a Fano n-fold and D C X be a divisor. 

(1) If D is an ample divisor, then X is slope stable along D unless X is isomorphic 
to a projective space and D is a hyperplane section. 

(2) If D is a nef divisor and (D i ■ (-K x - e(D)L>) ri - i ) = for any 1 < i < e(D) - 1 
(resp. 1 < i < e(D) — 1), then X is slope stable (resp. slope semistable) along D. 



10 



KENTO FUJITA 



Proof. First, we consider the case that — Kx and D are numerically proportional (i.e., 
there exists a positive rational number t such that — Kx = tD). We note that t < n + 1 
and the equality holds if and only if X ~ P n and D e |CV>(1)| by |KQ73j . In this case 
we have 

tin) = vol x (D)[t n - J (t - x) n dx] = vo\ x (D)t n (l - -^-) > 0, 

and equality holds if and only if t — n + 1 . Therefore we have proved the theorem for the 
case — Kx and D are numerically proportional. 

Now we consider the case that — Kx and D are not numerically proportional. We can 
assume e(D) > 1 by Remark 13 .41 Let P C N 1 (X) be the 2-dimensional vector subspace 
spanned by [— Kx] and [D] (the classes of — K x and D in N X (X)). We take [Hi], [H 2 ] G 
P n Nef(X) such that P n Nef(X) = M> [#i] + K> [# 2 ]- Then after interchanging Hi 
and H 2 , if necessary, we can write — Kx = PiHi +p 2 H 2 and D = qiHi + q 2 H 2 , where pi, 
P21 Qi > 0, q 2 > and l/e(D) = qi/pi > q 2 /p 2 holds. We note that D is ample if and 
only if q 2 > 0. We also note that there exists extremal rays Ri,R 2 C NE(X) such that 
(Hi ■ Rj) = if and only if i ^ j holds where 1 < i, j < 2, since the class of — Kx lives 
in the interior of Nef(X). We choose minimal rational curves Ci and C 2 of Ri and R 2 , 
respectively. We have (—Kx • Ci) < n for any % — 1, 2 by |CMSB02] . If q t > then we 
have Pi/qi < n since (—Kx • Ci) < n, (D ■ Ci) > 1 and Pi/qi = (—Kx ■ Ci)/(D ■ Ci) holds. 
Then we can show that 



£(D) = vo\x(piHi+p 2 H 2 )+(^-l)vol x ({p2-q2-)H 2 

\qi J V v qi' 

- / volx ((pi - qix) Hi + (p 2 - q 2 x) H 2 ) dx 
Jo 



q 2 pi\ n I n / q 2 



m P n 2 i+ --i i--- - (i--x)dx 

\q 1 J\ p 2 q x ) Jo \ p 2 



+ g( fl j.^, rt ^(g{i-/ & (i-^)'(i-^} 

+ :w{i-f(i-5.H 

We denote the coefficient of (i/j • W 2 l ~' 1 ) by Mj. We claim that (H\ ■ W^) > for any 
< i < n and (H\ ■ H^~ l ) > for some i since Hi and H 2 are nef and [— Kx] £ -P. 
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First, we consider the case D is ample. It is enough to show Mi > for any i by the 
above claim. We have 



n + 1 q 2 V p 2 q 1 J V q 1 n + l x q 2 q x > 



1 Pi 
n+\qi 



m, > g)ri P r{i-/Vf*rM 



P1P2 7^ — — s (n + 1)- 1+1-—— ^>0 (0 < 1 < n). 



ij q2{n + 1) I p 2 V p 2 gi 

Thus we have proved the theorem for the case D is ample. 

Now, we consider the case that D is not ample. Since q 2 = 0, we have 

1 Pi 



m = ^{H\. Hri(^)p\p n 2 



1 



i + 1 qi 



Therefore we have £(D) > (resp. > 0) if (H\ ■ H 2 l ) = for any 1 < i < p±/qi — 1 
(resp. 1 < i < pi/qi — 1) by the same argument of the case D is ample. □ 

As an immediate corollary of Theorem 14.61 we get Odaka's result: 

Corollary 4.7 (Odaka). Let X be a Fano manifold with the Picard number px = 1 and 
let D C X be a divisor. Then X is slope stable along D unless X is isomorphic to a 
projective space and D is a hyperplane section. 

Proof. The divisor D is ample since px — 1- Hence the assertion is obvious from Theorem 

SSKH). □ 

Remark 4.8. There exists a Fano n-fold X and a nef effective divisor D C X such that 
X is not slope semistable along D. For example, let X be the Fano manifold obtained by 
the blowing up of the n-dimensional projective space along a (reduced) point and D be 
the strict transform of a hyperplane passing through the center of the blowing up. Then 
D is a nef divisor and 

vo\ x (-K x - xD) = [n + 1 - x) n - (n - 1 - x) n 

holds. Hence we have 

i{D) = 2 -^^{n ■ 2- 1 - (n - I)"" 1 }, 
which takes a negative value if n > 5. 
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5. Examples and applications 

5.1. Projective spaces. Let Z C P n be a linear subspace of codimension r > 1. 
If r = 1, then 

r-n+l 

£(Z) = (n + l) B 



rn+i 

/ (n+1 - x) n cfe = 
Jo 



(see also the proof of Theorem 14.61) . 

We consider the case r > 2. Let the blowing up of P n along Z be a: X — > F n and 
the exceptional divisor be E. We can show that e(Z) = n + 1, E ~ p«- r x P r_1 , 
M E j x — Cp"-''xP'- 1 (l) — 1) an d Cx( — K X )\ E — P n-r x¥ r-i(n — r + 2, r — 1). Hence 

rn+l 

i{Z) = n (r — x) volpn-r xP r-i(Cpn-r xP r-i(n + 1 — x, x))dx 
Jo 



'0 

n — 1 



n+1 



= H \ l) J i r -x){n + l-x) n ~ r x r ~ L dx = Q 
by a simple calculation. Therefore, we have the following: 

Proposition 5.1. The projective space P n is not slope stable but slope semistable along 
any linear subspace. 

In fact, it is well known that the n-dimensional projective space admits a Kahler- 
Einstein metrics; the Fubini-Study metric. 

5.2. Surfaces. In Section I5T2"} we consider the case such that the dimension is equal to 
two. 

Proposition 5.2. Let S be a del Pezzo surface, that is, S is a Fano manifold with 
dim S = 2. 

(1) S is slope semistable along any curve but there exists a curve C C S such that S 
is not slope stable along C if and only if S is isomorphic to either P 2 or P 1 x P 1 . 

(2) There exists a curve C C S such that S is not slope semistable along C if and 
only if S is isomorphic to Fi . 

Proof. If vols(— Ks) < 7, then we know that any extremal ray R C NE(S') satisfies that 
l(R) = 1. Hence S is slope stable along any curve by Proposition 14.51 If S = P 2 or 
P 1 x P 1 , then the assertion ([[]) in Proposition [572] holds by Theorem 14.61 flT]) and Corollary 



14.41 If S = Fi, then S is not slope semistable along e C Fi by Propositions 15.11 and 
E3J □ 



Remark 5.3. In fact, Tian |Tia87] proved that S does not admit Kahler-Einstein metrics 
if and only if S is isomorphic to Fi or Sj. 
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5.3. Non-slope-semistable examples. Let Z ba a Fano (n— l)-fold of p z = 1 and the 

Fano index t > 2. Let O z (l) be the ample generator of Pic(Z). We note that t < n, see 
|KQ73) . 

We set X := F z (O z © ^> Z with t > s > 0. We denote the section of n with 

He ix — Oz{—s) by A C X. Then it is easy to show that X is a Fano n-fold which 
satisfies that 

v6L x {-K x ) = {t + Sr ~ {t ~ Sr vo\ z (O z (l)) 

and 

NE(X) = E> [/] + 

where / is a fiber of 7r and e C E is an arbitrary irreducible curve in E. Then we can 
show that e(E) = 2. Hence we have the following result by Proposition 14.11 (j2J). 

Proposition 5.4. X is not slope semistable along E. 

As a corollary, we give the following counterexample. 

Corollary 5.5 (Counterexamples to Conjecture II. 3p . For any n > 4, there exists a Fano 
n-fold X such that 

(1) the anticanonical volume of X is equal to 2(3 n — 1) {note that 2(3 n — 1) < 
{(n+ l) 2 /2n) if n > 5) and 

(2) X does not admit Kahler- Einstein metrics. 

Proof. Let r: Z — > P n_1 be the double cover such that the branch locus B C P n ~ x 
is a smooth divisor of degree 2(n — 2). We note that Z is isomorphic to a weighted 
hypersurface of degree 2{n — 2) in P(l n ,?7, — 2). Let O z {l) '■= r*Opn-i(l), then we have 
C z (-A' z ) ~ r* (C P n-i (-A P „-i) ® Opn-i (2 - n)) ~ 0^(2). Hence Z is a Fano (n - 1)- 
fold with = 1, the Fano index of Z is equal to 2 and vol z (O z (l)) = 2 holds. 

Let X := F z (O z © O z (l)), then X is a Fano n-fold and vol x (-K x ) = 2(3 n - 1). On 



the other hand, X is not slope semistable by Proposition 15.41 Thus X does not admit 



Kahler-Einstein metrics by Theorem 12.41 □ 

Remark 5.6. In |Aub84] . Aubin reduced Conjecture 11.31 to |Aub84} Inequality (4)]. 
However the inequality does not hold, as already pointed out by Yuji Sano, for example 
for S 3 x P 1 . 

Remark 5.7. The above Fano manifolds, which is given by X = F z (O z © O z (s)) such 
that Z is a Fano (n — l)-fold of p z = 1 and the Fano index t which satisfies t > s > 0, 
are characterized by the smooth projective varieties which have an elementary birational 
Ax-negative extremal divisor-to-point contraction and have a P 1 -bundle structure. See 
|Fujl2j Remark 2.4 (a)] or [CD12I Lemma 3.6]. 
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6. Threefold case 

Throughout this section, let X be a Fano threefold which satisfies that £(D) < for 
some divisor D C X. For the type of an extremal ray for smooth projective threefolds, 
we refer the readers to |MM83] . 

6.1. px = 1 case. This case has been shown in Theorem 14.61 (pQ) since any effective 
divisor is ample. We have X ~ P 3 and D is a hyperplane section. In this case, X is slope 
semistable along D. 

6.2. px = 2 case. We set NE(X) = R\ + R 2 and we also set minimal rational curves 
[Zi] G i?i and [Z 2 ] G i? 2 . We denote the contractions 4 := cont^ : X — >■ 3^ and let 
i?i G Pic(X) be the pullback of the ample generator of Pic(Yi). We note that Nef(X) = 
K>o[#i] + R>o[H 2 ]. Then we have 

• Pic(X)=Z[H 1 ]@Z[H 2 ), 

• (Hi-l 2 ) = l, (H 2 -h) = l, 

• -K x ~ Z(i? 2 )i/ 1 + Z( J R 1 ) J ZJ 2 
by jMM831 Theorem 5.1]. 

First, we consider the case l(R\) = 3 (i.e., <pi is a P 2 -bundle). Then X is either 
isomorphic to P 1 x P 2 or P P i(0 © © 0(1)). 

(1) If X ~ P 1 x P 2 , then X is not slope stable along some divisor but slope semistable 
along any divisor by Theorem 14.61 (JT]) and Corollary 14.41 

(2) If X ~ P P i(0 © © 0(1)), then X is isomorphic to the blowing up of P 3 along a 
line. Thus X is not slope semistable along the exceptional divisor by Propositions 
IO and 1331 

Hence we can assume 1{R\) < 2 and Z(i? 2 ) < 2. By Proposition 14. 5[ we can assume 
l(R\) = 2 and (D ■ Zi) = 1. Hence we can write D ~ aifi + H 2 (a G Z). Note that a < 
by Theorem 14.61 ([T]) . 

Assume that a = 0. We set 6 := Z(i? 2 ) (note that b = 1 or 2). Then we have 
— Xx ~ bH\ + 2i? 2 and D ~ H 2 hence e(D) = 2. However we have 



and equality holds if and only if (Hi -H 2 ) = and (i?f) = 0. In this case 2 is a del Pezzo 
fibration with Z(i? 2 ) < 2 and Z(i?i) = 2. However there are no Fano threefolds satisfying 
these conditions by [MM83, Theorem 1.7]. Therefore £(D) always takes a positive value; 
this leads to a contradiction. 




-(i/ 1 -i/ 2 ) + -( J ff 2 3 )>0, 
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As a consequence, we have a < 0. Since D ~ aH\ + H 2 is effective, 02 is a divisorial 
contraction. Hence R 2 is of type Ex, E 2 , E 3 , E4 or E 5 . 

(1) If i? 2 is of type E 2 , E 3 , E A or E 5 (divisor-to-point type), X is either isomorphic to 
P p2 (C © 0(1)) or P p2 (C © 0(2)) by |MM831 Theorem 1.7]. These are not slope 
semistable along a divisor by Proposition 15.41 

(2) We consider the case that R 2 is of type Ex (divisor to smooth curve). Let F 
be the exceptional divisor of <p 2 and t be the Fano index of Y 2 . We have F ~ 
-Ex + (t- 2)H 2 since -K x ~ H x + 2H 2 and -K x ~ tH 2 - F. Since Eff(X) n 
(R> [-^i] + M> [# 2 ]) = K> [F] + R> [H 2 ] and D ~ aHx + H 2 is an effective 
divisor, we have t = 3 (i.e., Y2 — Q 3 ) and a = — 1 (i.e., D = F) (hence e(-D) = 2). 
Therefore X is isomorphic to either Bl conic Q 3 or Bli ine Q 3 since l(Rx) = 2 (see 
|MM831 (5.3), (5.5)]). 

• If X ~ Bl conic Q 3 , then it is easy to show that F ~ P 1 x P 1 and M F /x ^ 
C P i xP i(2, —1) and Ox(— K x )\f — Cp 1 xp 1 (4, 1). Hence we have 

^(F) = / (1 ~ X) volplxpl (°( 4 ' l "> ~ x0{2 ' ~ l ^ dx = I > °' 

this lead to a contradiction. 

• If X ~ Bli inc Q 3 , then it is easy to show that F ~ F x and JVf/x — Cfi( _ e ) 
and — KxIf — Cfi(3/ + e). Hence we have 

^£(F) = J (1 - x) vol Fl (3/ + e - x(-e))dx = -| < 0. 
Therefore X is not slope semistable along F. 



6.3. px = 3 case. By Proposition 14.5} there exists an extremal ray R C NE(X) with a 
minimal rational curve [Cr] G -R such that Z(i?) = 2 and [D.Cr] = 1. Hence R is either 
of type E 2 or C2. 

(1) If R is of type £"2 (smooth point blowing up), then X is isomorphic to Bl p (Yd) (let 
:= Bl p ) with 1 < d < 3, where <r: — )■ P 3 is the blowing up of P 3 along B such that 
H C P 3 is a hyperplane, B C H Q is a smooth curve of degree d, H C Y d is the strict 
transform of # and satisfies p £ H (see jMM811 p. 160] or |BCW02]). 

Let E be the exceptional divisor of 0, let F be the exceptional divisor of a and let F' 
be the strict transform of the locus of lines passing through p and B. We set e C E and 
h C H such that lines (both E and if are isomorphic to P 2 ), / C F be an exceptional 
curve of a and /' C -F' be the strict transform of a line passing through p and a point in 
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B. Then it is easy to show that 

NE(X) = R>o[e]+l> [/i]+K>o[/]+l>o[/1, 

Pic(X) = Z[£]ffiZ[#]ffiZ[F], 

-K x ~ -2E + 4H + 3F, 

F' ~ -dE + dH + (d- 1)F. 

We can show that E + F', F + H and (F + F')/d are nef. Therefore, for [pE + qH + rF] G 
Eff(X) (p, q, r G R), we have 

• r = (pE + qH + rF ■ (F + Hf) > 0, 

• p + r = (p£ + qH + rF ■ ((F + F') /d) 2 ) > 0, 

• dq = (pE + qH + rF ■ F + H ■ E + F') > 0, 

• (d- l)j? + dg = {pE + qH + rF ■ (F + F')/d ■ E + F') > 0. 

Hence we have 

Eff(X) = R> [E] + R> [#] + R> [F] + R>o[F']. 
We write D ~ pi? + qH + rF, where p, q, r G Z. Then we have (D • e) = 1, (D ■ f) < 0, 
(-D ■ /') < and (D ■ h) < (—Kx ■ h) — 4 — d by Proposition 14.51 Thus we have p = — 1, 
g = 1, r = 1 since D is effective. Hence D ~ — i? + H + F and e(D) = 2. Therefore we 
have 

1 r 2 

-£(D) = / (l-x)(-E + H + F-((x-2)E + (4-x)H+( y 3-x)F) 2 )dx 

f 2 8 
= / (1 -x)(-4x + 12- d)dx= -> 0; 
Jo 3 

this leads to a contradiction. 

(2) If i? is of type C 2 , then i? induces a P 1 -bundle 7r: X — > Z. Since px = 3, Z is 
isomorphic to either Fi or P 1 x P 1 . 

We claim that such Fano threefolds has been classified by Szurek and Wisniewski 
[SW90J : 

Claim 6.1. (i) If Z ~ F 1} X is isomorphic to one of ¥ 1 x p2 P(T P 2) ; Fi x P 1 or 
W l x p2 P(C©C(1)). 

(ii) If Z ~ P 1 x P 1 , X is isomorphic to one of a smooth divisor of tridegree (1, 1, 1) in 
p i xP i xP 2 ; p plxpl (C>(o, l)©e>(l,0)), P^P^P 1 , FixP 1 or P P i xP i(C©C(l,l)). 

(I) Assume X ~ Fi x P 2 P(T P 2). Then we can show that X C Fi x P 2 is a smooth 
divisor with X G |(9 FlxP 2(e + /, 1)|. Let E, F, H be effective divisors on X correspond 
to Ox(e, 0), Ox(f,0), Ox(0, 1), respectively. Then we can show that 

Pic(X) = Z[E]@Z[F]@Z[H]. 
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We can also show that there exists the structure of the blowing up X — > P 1 x P 2 with 
the exceptional divisor E' ~ H — E. We note that F, H and E + F are nef. Therefore, 
for [pE + qF + rH] G Eff(X), we have 

• r = (pE + qF + rH ■ (E + F) 2 ) > 0, 

• q=(pE + qF + rH ■ H 2 ) > 0, 

• p + r = (pE + qF + rH ■ F ■ H) > 0. 

Hence we have 

Eff(X) = R> [E] + R> [F] + R> [E'} 

and it is easy to show that — Kx ~ E + 2F + 2i7. 

Let m be a fiber of it, let / be an exceptional curve of X — > P(T P 2) and let /' be an 
exceptional curve of X — > P 1 x P 2 . Then it is easy to show that 

NEpsT) = R> [m] + R> [1] + R> [1'}. 

We write D ~ pE + qF + rE', where p, q, r G Z. Then we have (D • m) = 1, (D ■ I) < 
and (-D • /') < by Proposition 14.51 We also note that p=l,q = 0,r = l (hence D ~ iJ) 
and e(D) = 2 since D is effective. Therefore we have 

1 r 2 

-£(D) = / (1 - x)(H ■ {E + IF + (2 - x)H) 2 )dx 

2 

(1 - x)(O(0, 1) ■ 0(e + 2f, 2 - x) 2 • C?(e + /, l))* lX &dx 

2 8 
(1 -a;)(l + x)c/x = - > 0; 

o 

this leads to a contradiction. 

(II) Assume X ~ F x x P 1 . Then X is not slope semistable along p\e by Propositions 
15^1 and I4T21 

(III) Assume X ~ F x x P 2 P(0 © O(l)). Let H be the section of it with normal bundle 
Mh/x — Cfi (~ e — /), let E be the pullback of e C Fx with respect to it and let F be the 
pullback of / C Fi with respect to tt . Then we can show that —Kx ~ 4F + 3-E + 2H, 
e(H) = 2 and 

i r 2 

-£(H) = / (1 -x)(H- (4F + 3E + (2-x)H) 2 )dx 

2 

(1 - x){\ + x)(3 + a;)dx = -4 < 0, 

hence X is not slope semistable along H. 

(IV) Assume X G |C P i xP i xP 2(l, 1, 1)|. Let Hi (1 < z < 3) be the restriction of p*0(l) 
to X. Then we have 

Pic (A) = Z[H X ] © Z[H 2 ] © Z^] 
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by the theorem of Lefschetz. We can show that — Kx ~ H\ + H 2 + 2H 3 . We can also 
show that pi 3 \x '■ X — > P 1 x P 2 and p 23 \x '■ X — > P 1 x P 2 are the blowing up along smooth 
curves with the exceptional divisors F r3 ~ Hi — H 2 + H 3 and F 23 ~ —Hi + H 2 + H 3 , 
respectively. 

We note that Hi, H 2 and H 3 are nef. Therefore, for [ciiHi + a 2 H 2 + 03-^3] £ Eff(X) 
(ai, a2, 03 6 1), we have 

• a 3 = (aiHi + a 2 H 2 + a 3 H 3 ■ H x ■ H 2 ) > 0, 

• ai + a 3 = (aiHi + a 2 H 2 + a 3 H 3 ■ H 2 ■ H 3 ) > 0, 

• a 2 + a 3 = (aiHi + a 2 H 2 + a 3 H 3 ■ Hi ■ H 3 ) > 0, 

• ai + a 2 = (a t Hi + a 2 H 2 + a 3 H 3 • Hi) > 0. 

Hence we have 

Eff (X) = R> [Hi] + R> [H 2 ] + R> [F 13 ] + E> [F 23 ]. 

Let l 3 , l 2 , li be nontrivial irreducible fibers of Pi 2 \xiPi3\xiP22,\xi respectively Then we 
can show that 

NE(X) = R> [/i] + M>oN + K>oN- 

We write D ~ aiHi + 02-^2 + a %H 3 , where ai, a 2 , a 3 £ Z. Then we have (D ■ li) < 0, 
(D ■ l 2 ) < and (D ■ / 3 ) = 1 by Proposition 14.51 We also know that ai = 0, a 2 = and 
03 = 1 (hence -D ~ H 3 ) and e(.D) = 2 since -D is effective. Hence we have 

1 r 2 

-£(£>) = jf (#3 ■ (#1 + # 2 + (2 - x)H 3 ) 2 )dx 
2 

(1 - s)(O(0, 0, 1) • 0(1, 1, 2 - x) 2 • 0(1, 1, l)Vi xP i xp2 rfx 

2 g 
(1 -x)(10-4x)ofo = - > 0; 

o 

this leads to a contradiction. 

(V) Assume X ~ P P i xP i(C(0, 1)©C(1, 0)). Let £1 and E 2 be the sections of vr such that 
the normal bundles are H El /x — 0(—l, 1) and Me 2 /x — 0(1, -1), and Hi := 7r*p*0(l) 
(i — 1,2). Let ej C -Ej be a fiber of the projection pj : Ei ~ P 1 x P 1 — > P 1 (for {z, j} = {1, 
2}) and / be a fiber of ir. Then we can show that — Kx ~ 3ifi + H 2 + 2£ , 2 ) 

NE(X) = R>o[ei]+R> [e 2 ]+K>oLf], 

Pic(X) = Z[Fi]®Z[F 2 ]eZ[£i], 

Eff(X) = M>o[^i]+R>o[^2] + K>o[^i]+K>o[^2]. 

Hence we can show that D ~ Ei or D ~ i?2 or D ~ + Hi (in each case we have 
e(D)=2). 





SLOPE STABILITY OF FANO MANIFOLDS 



19 



If D ~ Ei + Hi , then we have 

U(D) = [\l-x)(E 1 + H 1 -((3-x)H 1 + H 2 + (2-x)E 1 ) 2 )dx 
3 Jo 

g 

(1 -x){2- x)(4 - x)dx = - > 0; 

3 

this leads to a contradiction. 
If D ~ Ei (or E 2 ), then we have 

U{D) = f\l-x)(E 1 -(3H 1 + H 2 + (2-x)E 1 ) 2 )dx 
& Jo 

2 

2(1 -x)(l +x)(3 -x)dx = 0. 

Hence X is slope semistable but not slope stable along E\ (and also along E 2 ). 

(VI) Assume X ~ P 1 x P 1 x P 1 . Then X is slope semistable along any divisor but is 
not slope stable along a fiber of pi by Theorem 14.61 ([T]) and Corollary 14.41 

(VII) Assume X ~ P P i xP i(0 © 0(1, 1)). Let i? be the section of tx with the normal 
bundle Me/x — 0(—l, —1). Then we have e(E) = 2. Therefore X is not slope semistable 
along E by Proposition 14.11 ([5]). 

6-4. px > 4 case. There exists an extremal ray R C NE(X) of type C 2 by Proposition 
14.51 and |MM81 , p. 160]. We write its contraction 7r: X — > S. We know that 5* is a del 
Pezzo surface of p$ > 3. Hence we have X ~ P 1 x S m with 1 < m < 7 by |MM85t 
Theorem 4.20] (see also [SW9Q]). 

Hence X is slope semistable along any divisor but is not slope stable along some divisor 
by Proposition 15.21 Theorem 14.61 ([[]) and Corollary 14.41 

As a consequence, we have the following result: 

Theorem 6.2. Let X be a Fano threefold. 

(1) X is slope semistable along any effective divisor but there exists a divisor D C X 
such that X is not slope stable along D if and only if X is isomorphic to one of: 

P 3 ^ 1 x P 2 ,P P i xpl (C(0, 1) ©0(1,0))^ x P 1 x P^P 1 x S m (1 <m < 7). 

(2) There exists a divisor D C X such that X is not slope semistable along D if and 
only if X is isomorphic to one of: 

Bl linc Q 3 , Bl linc P 3 , P P2 (0 © 0(1)), P P2 (G © 0(2)), 
P 1 x F ls P Fl (0 © 0(e + /)),P P i xP i(0 © 0(1, 1)). 
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Remark 6.3. By Theorem 16.21 |Fuj 1 1 Theorem 1.1] and the result of Steffens [Ste96l 



Theorem 3.1], There exists a Fano threefold X which is slope stable along all divisors and 
smooth subvarieties but has the unstable tangent bundle. For example, X is the blowing 
up of Pp2((9 © 0(1)) along a line on the exceptional divisor (~ P 2 ) of the blowing up 
P p2 (C © (9(1)) P 3 (no. 29 in Table 3 in Mori and Mukai's list |MM81j ). 
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